The term dimension is difficult, if not impossible, to define in any meaningful way, which raises doubts about the usefulness of the concept, even though it is widely used. This essay examines the significance of a statement of the dimension of a quantity and concludes that it is minimal and possibly misleading.
The word dimension is sometimes used by scientists in their conversations with each other. We think that the term is useful, and yet when we are asked to say what it means we struggle with definitions that do not bear examination as meaningful statements. The Working Group 2 of the Joint Committee for Guides in Metrology considered and rejected half a dozen draft definitions before settling on one that is still without any solid footing. Indeed to some scientists the term seems to have a kind of mystique about it, as though the dimension of a quantity were a property of deep significance.
The concept dimension is applicable particularly to derived quantities. Or so one would suppose. Yet we tell students that heights, widths, depths, wavelengths, radii and distances, all base quantities, all have the 'dimension of length', without being able to say what that expression means. We really mean that those quantities are all of the same kind, the kind to which we give the generic name length; that their values are mutually comparable and can be put in order of magnitude. But when we say that work and moment of force both have the 'same dimension', we are not asserting that they are quantities of the same kind. We would not normally say that they both have the 'dimension of energy', though they do in fact have the same dimension as that of energy.
Consider how the dimension of a derived quantity is itself derived. We begin with the algebraic expression for the quantity, which may include symbols for both base quantities and derived quantities. We substitute the defining expressions for those internal derived quantities, if any, and we continue the process if necessary until all the terms are base quantities. Then we adopt the convention that all base quantities of the same kind are to be considered to be identical or of equal value, so that their product or quotient can be replaced by a single symbol for the base quantity, raised, as appropriate, to a power. Finally we have an expression that is a product of powers of the base quantities, one factor for each kind of base quantity represented. Some of the base quantities of the definition may no longer be represented because their exponents have become zero. We strip from the expression that we now have any arithmetic coefficient, and we substitute roman, capital letters for the italic letters that are the symbols of the base quantities, and we call those new symbols (or whatever it is that they are supposed to symbolize) base dimensions. That gives us the accepted symbol for the dimension of the derived quantity. If we are left with no such symbol we say that the quantity is 'dimensionless'.
Can it be said that by changing the symbol we have changed whatever it is a symbol of? If we substitute the symbols of the appropriate SI base units for the symbols of base dimensions we have what the SI Brochure calls the 'SI derived unit expressed in base units'. But that 'unit' may not be recognizable as an example of the kind of quantity with which it is associated.
What has been achieved in doing all that? Of what use is a knowledge of the dimension of a particular derived quantity? It is sometimes said that it is an easy and useful check of the consistency of the terms in an equation: and so, within its limits, it is. In a logically sound equation all additive terms must be of the same dimension, and the terms on either side of the equation must be of the same dimension. But it is also a requirement that all those terms be of the same kind, and if they are of the same kind then, ipso facto, they are of the same dimension, whereas the reverse is not true. Equality of dimension may be a first, but nevertheless an incomplete, test of consistency.
Empirical equations are a different matter. They do not claim that one side is logically equal to the other, only that they have been observed to be approximately equal, however good the approximation may be. The empirical constants of the equations are not necessarily dimensionless and may conceal the potential effects of variables not studied in the experiments. However, the use of dimensionless variables in equations expressing the results of empirical experiments is a very powerful tool in generalizing from those results.
All quantities that are of the same kind are defined in the same way, but differences in definition between kinds of quantities may not appear in scalar algebraic expressions when some of the defining quantities are vectors. It is not sufficient to look at the algebraic expression to determine whether quantities of the same such expression are of the same kind. That is why work and moment of force, both expressed as force multiplied by length, are not quantities of the same kind. In the two cases forces and lengths are vector quantities, differently defined. In shear stress and pressure stress the forces are again differently defined vectors. The quantities are of different kinds but of the same dimension. The change in speed of a car divided by the distance in which the change occurs is not a quantity of the same kind as that of the velocity gradient in a viscous fluid, for the lengths in the denominators of the defining equations are different vector quantities; yet the two kinds of quantity have the same dimension.
The change in depth, δd, of a liquid in a tank of square plan, vertical sides and surface area a, when a volume δV of liquid is added to it, is δd = δV /a. Substituting base quantities of length in V and a, δd = δ(l The dimension of energy is ML 2 T −2 ; the dimension of specific energy is thus L 2 T −2 ; it is the same as that of the acceleration of the expansion of the surface area of a vapour bubble in a supersaturated liquid. Of what possible interest is that information?
A draft definition of dimension now under consideration for the third edition of the VIM is:
dependence of a given quantity on the base quantities of a system of quantities, represented by the product of powers of factors corresponding to the base quantities.
A 'factor' in the above definition is said in a Note to be the dimension of a base quantity, but it is not stated in what respect that dimension is 'dependent' on the base quantity or how it differs from it. Nor is it clear from its dimension what the nature of the 'dependence' of the derived quantity on the base quantities of the system is.
The above definition implies that dimensionless quantities are 'independent' of all base quantities, yet it is unthinkable that any quantity that is not itself a base quantity of the system, dimensionless or otherwise, can be conceived independently of all base quantities of the system. A ratio of two lengths, a dimensionless quantity, is hardly independent of the concept length, a kind of base quantity, or of the lengths that comprise the ratio, even though its value, a number, is independent of any unit of length.
We have become long accustomed to talking about dimension, and generations of students have been taught how to derive and express the dimension of a derived quantity. As far as I know, no one explains to the students why and to what end, in the derivation of a dimension, all base quantities of the same kind are to be considered to be the same or equal quantities and can thus be represented by a single symbol. Dimension is an artificial concept. The definition of the area of a rectangle of adjacent sides l 1 and l 2 is the product l 1 l 2 . It is not l 2 , unless, of course, we define l = (l 1 l 2 ) 1/2 . The definition of the mean linear rate of volumetric fuel consumption of a car is l 3 1 /l 2 , the volume l 3 1 of fuel consumed, divided by the distance l 2 in which it is used. It is not l 2 either, and it is not the same kind of quantity as the area of a square. Both quantities have the dimension L 2 , though that has no obvious, practical significance.
Conclusion
The 'dimension' of a quantity tells us far less about it than its definition does, if indeed its dimension tells us anything at all. To say that two quantities are of the same dimension implies a relationship that has significance when in fact it has none. If the two quantities are of the same kind, that has real significance, and they are then automatically of the same dimension. We should then indeed say that they are 'of the same kind'. We do need a generic name, however, for those useful quantities whose values are pure numbers and so are independent of any system of units. Historically they are called dimensionless quantities or dimensionless numbers, and we might as well retain that nomenclature for want of any other. We may feel obliged, however, to justify the choice of that term to students long after we have given up teaching them about the concept of dimension.
